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There is demonstrated that an isotropic ferromagnetic Fermi liquid reveals instability of the
ferromagnetic state in respect to the transversal inhomogeneous deviations of magnetization from
equilibrium. The result was obtained by derivation of the spin waves spectrum by means of kinetic
equation.
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Introduction.
Ferromagnetism in a system of itinerant fermions is
traditionally explained in terms of physical representa-
tions first introduced by Stoner [1]. It arises due to the
short range repulsion between the particles with the op-
posite spins favoring the finite magnetic polarization hin-
dered by the kinetic energy grown caused by the Pauli
exclusion principle. This physical idea has found more
exact formulation in frame of the Fermi gas model [2].
After appearance of the Landau Fermi liquid theory [3]
there was developed the corresponding description of fer-
romagnetic Fermi liquid [4, 5]. The fast development of
cold gases physics has animated the interest to the prob-
lem of itinerant ferromagnetism [6]. The Stoner model
has started to be the subject of more careful investiga-
tions.
Still, theoretically there is the question: can a gas of
spin-up and spin-down fermions with pure repulsive short
range interaction be ferromagnetic? On the one hand
there is rigorous statement [7] based on the Tan relations
that in both one and three dimensions, a Stoner instabil-
ity to a saturated ferromagnet for repulsive fermions with
zero range interactions is ruled out at any finite coupling.
However, it rules out only saturated ferromagnetism for
the homogeneous gas but not partially polarized states.
The condition of the zero range interaction seems to be
also quite restrictive.
On the other hand the problem of transition to the fer-
romagnetic state in a two-component repulsive Fermi gas
has been addressed in many studies (see [2, 8–16]. In par-
ticular, there were established that in the first order per-
turbation theory [2] the ferromagnetic phase transition
is of the second order and occurs at kF a = pi/2 whereas
the second order perturbation theory [11] predicts the
first order phase transition at kF a = 1.054. Finally non-
perturbative study [16] returns us back to the phase tran-
sition of the second order at kF a = 0.858. These treat-
ments were also performed under the assumption that
only phases with homogeneous magnetization can be pro-
duced. So, the properties of the Stoner-Hubbard model
still are under active theoretical investigation.
Leaving apart the problem of a Fermi liquid phase
transition to the ferromagnetic state here we discuss the
stability of this state in respect to the transversal inho-
mogenious magnetization perturbations. The transverse
spin wave dispersion in a ferromagnetic Fermi liquid at
T = 0 in the assumption of absence of the quasiparticle
excitations attenuation has been obtained by Abrikosov
and Dzyaloshinskii [4]. There was calculated the spin
waves spectrum ω = D′′k2 and the reactive part of dif-
fusion constant D′′ was found proportional to the spon-
taneous magnetization. The theory has been criticized
by C.Herring [17] who has remarked, that in a ferromag-
netic Fermi liquid the quasiparticle states with, say, spin
up will no longer be closed to the Fermi surface of quasi-
particles with the opposite spins. So, they ”will have a
finite, rather than an infinitesimal, decay rate”. In its
turn, the spin wave dispersion has to require an imagi-
nary part: D′′ → −i(D′ + iD′′). Later the reactive part
of spin wave spectrum has been calculated by Moriya
[18] in frame of RPA approach applied to the ferromag-
netic Fermi gas with Hubbard type interaction. Again
the spin wave attenuation was not found. The problem
was addressed in the paper by the author[19].
Kinetic equation approach. The dispersion law
ω = ωL + (D
′′ − iD′)k2 (1)
for transversal spin waves was found for Fermi liquid both
in paramagnetic and ferromagnetic states. Here ωL =
γH0 is the Larmor frequency, H0 is the external field,
γ is the gyromagnetic ratio. To escape to look after γ
and |γ| we treat γ as a positive constant. The dispersion
law is derived making use the Silin kinetic equation [20]
under conditions that the dispersive part is much smaller
than the scattering rate, the latter in its turn is much
smaller than the liquid polarization γH assumed small
in comparison with the Fermi energy [19]
|D|k2 << 1
τ
<< γH. (2)
The polarization in the paramagnetic state can be cre-
ated either by the external field or by the pumping. In
the former case it is determined by the external field and
the Landau molecular field parameter F a0 > −1
γH =
γH0
1 + F a0
, (3)
2whereas in the ferromagnetic state, when F a0 < −1, it
has the finite value
γH = 4
√
6 εF
√
1 + F a0
F a0
(4)
even in the external field or the pumping absence. The
corresponding magnetic moment density is given by
M =
γ2N0
4
H. (5)
Here N0 is the quasiparticles density of states at the
Fermi surface. We put ~ = 1 throughout the paper.
The quasiparticles scattering rate in the polarized
Fermi liquid is [21]
1
τ
= A((2piT )2 + (γH)2), (6)
Here, A = const ∝ m∗3W , m∗ is the effective mass and
W is square modulus of the matrix element of the oppo-
site spin quasiparticles short range potential of interac-
tion. The scattering rate has a finite value 1
τ
∝ (γH)2
even at T = 0. This statement for spin polarized para-
magnetic Fermi liquid has been checked and confirmed
experimentally [22].
Under fulfillment conditions (2) the reactive D′′ and
the dissipativeD′ parts of the diffusion constant are given
by the following expressions [19] obtained taking into ac-
count the amplitude F a1 of the first angular harmonic of
the quasiparticles exchange interaction.
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The reactive part of diffusion coefficient D′′ in ferro-
magnetic Fermi liquid derived from kinetic equation [19]
literally coincides with result of Moriya [18] obtained in
frame of RPA at F a1 = 0 applied to the Hubbard model.
One can prove also the exact correspondence of these two
approaches for the D′′ in polarized paramagnetic Fermi
liquid.
Sign of coefficient D′′ in polarized paramagnetic state
can be positive or negative depending on sign of the dif-
ference F a0 − F
a
1
3 . In ferromagnetic state where F
a
0 < −1,
and F a0 − F
a
1
3 < 0 the sign of coefficient D
′′ is always
positive.
The dissipative parts D′ of the diffusion coefficients in
the polarized paramagnetic Fermi liquid and in the ferro-
magnetic Fermi liquid have the opposite signs. As result
the amplitude of transversal inhomogeneous deviations
of magnetization
δM ∝ exp(ikx− iωt) = exp(ikx− iD′′k2t−D′k2t) (7)
attenuates in a polarized paramagnetic Fermi liquid but
it grows up in a ferromagnetic Fermi liquid demonstrat-
ing instability of the Stoner state in respect of such de-
viations.
Field theory approach. The calculation of reactive
part in ferromagnetic Fermi liquid was performed by
Dzyaloshinskii and Kondratenko [5]. They have note that
the amplitude of forward scattering [23] for the quasipar-
ticles with the opposite spins is proportional to the static
transverse susceptibility which is divergent in a isotropic
ferromagnet. In application to the spin polarized param-
agnetic Fermi liquid one must use the divergence of trans-
verse susceptibility at frequency equal to the Larmor fre-
quency. Following this schema and taking into account
the imaginary self-energy of quasiparticles [19] one can
obtain the dispersion laws for ferromagnetic Fermi liquid
ω ≈ [γH − ic(γH)2] k2
p2F
, (8)
and for paramagnetic Fermi liquid
ω − ωL ≈
[−(γH)−1 + ic] v2Fk2. (9)
Here, c is positive constant. For dilute Fermi systems
c ∝ m∗σ (in dimensional units c ∝ m∗σ/~2 ), where σ
is the cross-section for the s-wave scattering of particles
with opposite spins.
We see: both in paramagnetic and ferromagnetic Fermi
liquid cases the polarization dependence and the sign of
the reactive part of spin diffusion coefficient D′′ derived
by the field theoretical method are in correspondence
with kinetic equation results. As for the dissipative part
D′ a correspondence is absent. In contrast to the kinetic
equation approach here we have : D′ > 0 for ferromag-
netic Fermi liquid and D′ < 0 for the polarized param-
agnetic one. It is difficult to consider the latter result as
satisfactory because phenomenological kinetic theory are
confirmed by the microscopic derivation of kinetic equa-
tion for the paramagnetic Fermi gas with repulsion by
means of the Keldysh technique [24]. In our opinion it
means that the method developed in the paper [5] is ap-
propriate for the calculation of reactive part of thansverse
spin wave dispersion but it is inapplicable to calculation
of spin wave dissipation.
3Conclusion
The problem of existence of itinerant ferromagnetism
in system of Fermi particles with repulsive interaction
was recently addressed in the experiments with ultra-
cold two component Fermi gas ( 6Li atoms in the lowest
two hyperfine states [6]). By the increasing of magnetic
field toward the Feshbach resonance [25] one can reach
the pairing instability that is formation of stable gaseous
phase consisting of two opposite spin atom molecules.
However, the molecule production is slow, as it requires
three-body process. So, one can expect that fast enough
field magnification prepares the system state character-
ized by large ( comparable to inter-particle distance) op-
posite spin atoms scattering length a > 0 formally corre-
sponding to the strong short range repulsion that leads
to the formation of ferromagnetic state. The latter is cer-
tainly metastable but one can hope that at fast nonadia-
batic increase of scattering amplitude the ferromagnetic
state will be formed faster than more stable gas of Li2
molecules.
The observable experimental signatures of cloud of
fermions in the harmonic optical trap as a function of
interaction has been calculated [26]. They are charac-
terized by the maximum of cloud size and minimum of
kinetic energy at phase transition to the ferromagnet
state. The corresponding nonmonotoneous dependences
has been measured [6] but no magnetization grown has
been resolved. Later there was demonstrated, that the
pairing instability is always stronger than the ferromag-
netic one [27]. Moreover, there was found theoretically
[28] and then confirmed experimentally [29] that the max-
imum atom loss at a magnetic field below Feshbach res-
onance is the result of processes of atomic dimers forma-
tion and relaxation. The authors of [29] conclude that
unlike to the previous observations [6] ”. . . the sample
remains in the paramagnetic phase for a wide range in
the strength of interactions and wait time.”
So, the cold atomic gases do not undergo a ferromag-
netic phase transition. Being disappointed by their find-
ings the authors formulate even more stronger statement:
”. . . the Nature does not realize a strongly repulsive Fermi
gas with short range interaction, and the widely used
Stoner model is unphysical.”
Indeed, one cannot point out a real ferromagnetic sys-
tem described by the Stoner model. As an apparent ex-
ception could be the Quantum Hall Ferromagnetic state
formed according to terminology accepted in the exper-
imental publications [30, 31] as result ”a magnetic-field-
induced Stoner transition”. In fact the mechanism form-
ing this state has nothing common with the short range
Stoner-Hubbard repulsion between the particles with an-
tiparallel spin. On the contrary, it originates from the
long range attractive exchange interaction between the
electrons with parallel spins (for review see S.M.Girvin
[32]) first introduced in application to the itinerant elec-
tron systems by Felix Bloch [33].
Here we have demonstrated the intrinsic instability in
respect to the transversal inhomogeneous magnetization
perturbation of an isotropic itinerant ferromagnetic state
described in terms of the Fermi liquid theory valid for the
systems with short range interparticle repulsion. The re-
sult is obtained by means of derivation of dispersion of
the transversal spin waves making use the Silin kinetic
equation. Due to the instability of an isotropic itiner-
ant ferromagnetic state one can conclude even stronger
than that was done in the paper [29]: if the Nature does
realize a strongly repulsive Fermi gas with short range in-
teraction it does not lead to the formation of ferromagnet
state.
As for ferromagnetic metals there are a lot properties
differing real itinerant ferromagnets from the isotropic
model describing Fermi gas with short range repulsion
between the particles. The simplest distinction is that
in ferromagnetic metals the two-moment approximation
does not work. The quasiparticle exchange interaction
should be expanded not by the Legendre polynomials but
by the eigen functions of the irreducible representation
of the point crystal symmetry group taking into account
spin-orbital interaction. The ferromagnetism in metals
should be treated taking into account semi-itinerant na-
ture of quasiparticles and the anisotropy of the quasipar-
ticles interaction originating from the spin-orbital effects.
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